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INPlJf IMPEDANCE OF 
A SLOTTED CYLINDER ANTENNA 
I. INTRODUCTION 
1. Scope of Circular 
For many years engineers have been confronted with 
the problem of finding a suitable antenna for freque~cy­
modulated broadcasting and television. Extensive use of the 
slot-cylinder antenna for these purposes appears likely. At 
present this antenna is used commercially for frequency-
modulated broadcasting, and experimentation for television 
use is being performed. 
The slot-cylinder antenna consists of a hollow 
metal cylinder with a thin axial slot connecting the interior 
and exterior regions. The slot is short-circuited at both 
ends, with the feed voltage applied across the slot at its 
center-point. 1be ends of the cylinder may be either open or 
closed. 
This circular presents an analytical method for 
determining the input impedance of such an antenna in terms 
of the dimensions and the wave length. The method is appli-
cable only for diameter:wave length ratios less than about 
0.2, but fortunately this limitation does not exclude the 
most useful frequency range. Satisfactory agreement with 
experimental results has been obtained . 
2. Properties of the Antenna 
A slot-cylinder mounted vertically produces hori-
zontal polarization. If the diameter of the cylinder is less 
than about 0.14 wave length, the radiation pattern in the 
horizontal plane is approximately circular, the pattern be-
coming more directive in the area adjacent to the slot for 
larger diameters. Stacking several slot-cylinders in tandem 
results in a vertical pattern identical with that of a co-
linear array. The input impedance may be easily matched to 
a cornnon type of coaxial or open-wire feed line, and suitable 
band widths for frequency-modulated broadcasting and tele-
vision may be obtained. Furthermore, the antenna is easily 
made and is of sound construction. Thus the prospects for 
greater use of this antenna at very-high and ultra-high fre-
quencies appear excellent. 
5 
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3. Notation 
The rationalized MKS system of units is employed, 
and the following notation is used: 
a = attenuation constant 
~ = phase shift constant 
y 
E 
T) 
propagation constant 
permittivity of free 
(~)~ = 120rc 
E 
space (_l_ x 10-9 ) 
36rc 
A = wave length of free space 
As = wave length of slot region 
A1 = wave length of current density distribution about 
the circumference of the cylinder 
µ = permeability of free space (4rc x 10-7 ) 
~1 = angle at axis of the cylinder subtended by the slot 
width 
P = radiation intensity 
w = 27tf 
a = radius of cylinder 
, _ 2 Jn(ka) 
8n - J~(ka) 
II - - 2 ~2 )(ka) 
a -
n ~2)' (ka) 
an 
I + II 
an an 
A = vector potential 
b = 2rc 
A1 
bn = coefficient 
(For n = 0 omit the factor 2) 
(For n = 0 omit the factor 2) 
B' = slot distributed susceptance due to conduction 
currents 
B = total slot distributed susceptance 
B = µH 
Cs = slot distributed capacitance 
D = diameter of cylinder 
E = electric intensity 
f = frequency 
fc = cut-off frequency 
CIRC . 59 . INPUT IMPEDANCE OF A SLOTTED CYLINDER ANTENNA 
F = (_]__) [J1 (Xka)l
2 
a 4h4 Jo (~a) 
T + F + i g = 
gn = sin nx 
nx 
G = slot distributed conductance 
h=T-F 
H = magnetic intensity 
~2 )(x) =Hankel function of the second kind 
i = ( 4 j [J1 (~a)l 2 
(4-a2b2 )2 Jo<Y:zka) 
I = axial slot current 
J = current density 
Jn = Bessel function of the first kind 
k = 2rc = w(µe)~ = ~ A v 
l = slot length 
L = slot distributed inductance 
m = .h g 
2 2 
_ 1 ga b [ 1 ] 4 [R ] 2 • 2 M = 855 x 10 -- J0 (~a) e P(rc) s:rn ab1t. 
k2 
n=-.!. g 
N = radiation vector 
p = cos ~l 
CXl 
P(~) = a0 + ~ 8n~ cos nq> 
n-1 
q = kl 
Q = J~ (p-cos. qu)2 (l+mu2+ nu4) du 
s-u 
s = It. k2 
t = thickness of the cylinder 
T = 1 
(l-a2b2 )2 
y 
V(z) 
velocity of light (3 x 108 m/sec) 
voltage directly across the slot 
7 
8 
w 
w 
x = 
x = 
y = 
z = 
'lo 
p, cp , z = 
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slot width 
radiated power 
~~<JJ1 
slot distributed reactance 
slot distributed admittance 
slot distributed impedance 
s lot characteristic impedance 
cylindrical coordinate symbols 
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I I . GENERAL ~'°ETHOD 
5. Derivation of the Transmission Line Equations 
Figure la represents a cross-sectional view of the 
slot-cylinder antenna. 1be slot is viewed as a loaded trans-
mission line. 1be slot width is very small compared with the 
wave length, and the metal is assumed to be perfectly con-
ducting. At any point along the slot the slot voltage is 
defined by the equation 
V = }~2 Ex dx. 
( a}- Cross Section 
F1G . 1A. CRoss SECTION OF SLOT-CYLINDER 
F1G. 18. AxlAL STRIP ALONG EoGE OF SLOT 
Consider two axial strips of small transverse di-
mensions, one on each side of the slot as illustrated in 
Fig. la. Figure lb represents one of these strips. Follow-
ing the method of Schelkunoff(2 )•, let 
U = J Hs ds. 
Then applying Ampere's law to the circuit ABC DEF A gives 
u AB+ Uocn+ UDE+ UEFA = It 
which is the transverse current. 
*The parenthesized superior numbers throughout the circular refer 
to Appendix 8. 
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But 
UA B + lb E = O; 
therefore, 
lJsm+ l.EFA =It. 
The left side of the equation is the difference between the 
currents flowing in the wire at A and B. If AB = 1, then 
%en + lE FA = - ~! = It. 
It is the tran~verse current, composed of the displacement 
current across the slot and the transverse conduction current 
at the slot. From linearity it follows that It is propor-
tional to the slot voltage. Therefore 
or 
- oI = I = YV 
oz t 
oI = - YV. 
oz 
This is the first of the transmission line equations. 
The second line equation will now be derived. Slot 
inductance is defined by 
L = J2 B dx 
o y I 
(See Fig. l); that is, Lis the magnetic flux passing through 
the slot per unit length per unit current. From the re-
lation 
CurlE=-B 
1s obtained the expression 
oE OE 
___!.-_z=-B 
oz ox Y" 
The assumption is made that the axial component of the elec-
tric field in the slot region is negligible. Measurements 
have shown that the axial component of the electric field 
inside the cylinder is negligible and that horizontal polari-
zation results from a slot-cylinder mounted vertically. Thus 
the assumption appears reasonable. Setting Ez = 0 gives 
a~ . 
a;-= - I\· 
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Therefore, 
By definition 
It follows that 
where 
jwL = - f (OEx) dx 
1 oz I 
V = fEx dx. 
1 
av= - zI, 
oz 
z = jwL. 
This completes the derivation of the line equations. 
6. Input Impedance 
To find the input impedance the assumption is made 
that Y and Z are independent of the axial coordinate z - i.e., 
that the line is uniform. Approximate average values of 
Y and Z will be determined. As in ordinary uniform line 
theory the propagation constant and the characteristic im-
pedance may be expressed in terms of Y and Z as follows: 
y = IYZ 
Zo = ../z/Y 
The input impedance is that of two similar short-circuited 
lines in parallel. Thus the input impedance is 
Zin = 1h Zo tanh y 1 
where 1 represents one-half the total slot length. 
7. 
and 
Sone Useful Re lat ions Between the Line Parameters 
If 
Y = G + jB, 
Z = jX = jwL, 
y = ct + jf3 = IYZ, 
Zo = ../z/y 
it is easily shown that 
ct = 1h X (~) = 1"% X ~+ d )"h - B 
S = 1h X (!!} = 1%X v'(B2 + G2 )~ + B 
ct 
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and 
2 2 ~ - a = BX, 
.lo = ______?£ 
B - ja 
Obviously, the problem now consists of finding suitable 
expressions for B, · L, and Gin terms of the wave length and 
the dimensions of the antenna. 
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Ill. Two-D1MENs10NAL PROBLEM OF AN INFINITELY LoNG 
SLOT-CYLINDER , UNIFORMLY FED ALONG THE SLOT 
WITH EouAL. IN-PHASE VoLTAGES 
13 
The solution to this problem is used to find the 
slot distributed susceptance due to the conduction currents, 
to determine the approximate current density distribution 
about the circumference of the cylinder (this distribution 
being of importance in finding the radiated power and the 
slot distributed conductance), and to aid in the calculation 
procedure. 'Ibe cylinder is assumed infinitely long, uniform-
ly fed along the slot with equal, in-phase voltages. The 
applied electric field distribution across the slot is as-
sumed uniform. Expressions for the current density dis-
tribution are to be found. 
In cylindrical coordinates Hz must satisfy the 
wave equation 
.ti2Hz = µe ~· 
Eliminating variations with respect to z, a solution of this 
equation is 
l1z = bn Jn (ko) cos n:p 
with 
. ~ 
eJWt understood and k = w(µ.e) . 
Ott 1 
f4) = (~)(~) = - (-.-) n bn Jn(kp) sin n:p 
JW€ V'1' JW€P 
oH 1 
Ecp = - <-:1-H~z) = - <-. -) bn k J~ (kP) cos rlP. 
JW€ 41 JW€ 
and 
The prime on the Bessel function denotes differentiation 
with respect to the argument. 
Let the reference line for cp be a line drawn from 
the center of the cylinder through the center of the slot. 
Let the angle at the center of the cylinder subtended by the 
slot width be denoted by cp1 . The 6eld distribution at 
p = a is, then, as illustrated in Fig. 2. 
Expressing this as a Fourier series yields the 
result 
Eocpl 2Eo CD 1 • 1 Ecp = -- + - L - sm -n<p1 cos n<P. 
2rc n: n=l n 2 
Letting p = a in the expression for ~ derived from the wave 
14 ILLINOIS ENGINEERING EXPERIMENT STATION 
,~ E., 
: Eo 
_______._/ Il - --~ 
-rr 
_3 0 :!, TT ¢ 
z z 
F1G. 2. AssuMED TANGENTIAL ELECTRIC FIELD D1sTRIBUTION 
ARouNo THE CYLINDER 
equation gives 
cc b k 
F.q> = - L ~ J~(ka) cos np. 
n=O JWE 
By equating the above expressions for Ftp. it follows that 
Eo<i>1 
ho = - j 2rtn J~(ka) 
and 
b _ . 2Eo sin ~1 - - J 
n rm n J~(ka) 
Substitution of these coefficients into the expression fer 
Hz gives, at p = a, 
H ( . Eo<i>1 ) ( , ~ , ) z = - J -- a0 + L, angn cos np . 2rtn n=l 
For small slot angles, 
Therefore, 
Eo<l'1 
<i>1 = ~ 
a 
J;' ~ = v 
'-'O a -a 
where V is the slot voltage. Then the expression for Hz at 
p = a becomes 
Hz= (-j-2 V Hao+ ~ a~ gn cos np). nna n=l 
As the fields are everywhere finite, only the Bessel 
function of the first kind applies to the interior region. 
In the exterior region the fields at great distances must 
he outward traveling waves; therefore, Hankel functions 
of the second kind must be used. Denote the interior magnet-
ic field at P = a by tt; and the exterior field at P = a by tt;. 
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'Iben the preceding expression represents tt;, and 
~ = (j _V_)(a:; + ~ a~gn cos np). 
2rrna n 00 l 
If the thickness of the cylinder is not extremely small com-
pared to the radius, a, the above expressions should, of 
course, use the interior and exterior radii, respectively. 
1he current density 
J(q>) = W - H+ 
z z 
(- j __y__ )(a0 + ~ angn cos np). 27tna n=l 
Let 
then 
P(q>) 
cc 
a0 + L angn cos np , 
n= 1 
J(q>) = - j VP(q>) 
2rtr)a 
P(cp) is a function of q> and ka. It represents a slowly con-
verging series, unsuitable for calculations in its present 
form. ~a' = Jn(ka) 
n J' (ka) 
n 
For a sufficiently large n and for lkal <2, Jn and J~ may be 
approximated by the first term of their respective series, 
giving 
l/ !' 
12 an 
= - ~2) 
H(2 )' 
n 
a' = 2ka n -·--n 
Jn - j~ 
J - nJn - j N + j ~ 
rrl ka rrl ka 
the argument ka being understood. The argument is limited 
to values from 0 to 2. For a sufficiently large n, 
'Iben 
l~I » IJnl. 
I I 11 
/2 8n 
n 
ka 
1 
_ Nrrl 
Nn 
Also for a sufficiently large n, 
~1I<1 N ' 
n 
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therefore 
It follows that 
a~ 2ka 11 
a = 4ka 
n n 
for a sufficiently large n. To transform P(cp) into a form 
suitable for calculations, the approximate relations (A) and (B) are employed. 
cc m 
{A) L ~n = 1 - log bx - b L ~n 
n=m+ 1 n n=l bn 
cc 
ne. m ne. (B) L (-1) ~ = - log 2 - h L (-1) ~ 
n=m+ 1 n n=l bn 
1bese relations will now he verified. 
~ ~n = ~ ~n _ ~ ~n 
n=m+l n n=l n n=l n 
But 
CD.11'! CD "b L ~ = L sin nx 
n=l n n=l b 2 
n x 
= __!__ ~ sin n(bx) 
bx n=l n2 
= .l[ -bx log bx+ bx+ ldhx)3 + _l_(lbx) 5 + · · ·] 
bx 9 2 450 2 ' 
provided 0 ~ bx < 2rr from reference (1), page 58, equation 
(7-52). As b is limited to the values 1, 2, and 3 and 
0 < x < 0.175, the third and higher order terms are of no 
consequence. 1berefore 
~ ~n = 1 - log bx, 
n=l n 
and relation (A) follows. 
Consider the series 
~ (-l)n cos nx =- ~ cos n(x+rr) 
n=l n n=l n 
It may he shown by the Dirichlet test that this series is 
uniformly convergent in the interval - rr < x < rr. Therefore, 
CD n • 
the series L (-1) sin nx can he differentiated term by 
n=l n2 
term in the interval -rr < x < rr, as it is a convergent series 
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whose derived series converges uniformly. 1ben 
_.£._ [ ~ (-l)n sin nx] = ~ (- l)n cos nx 
dx n= 1 2 · n= 1 n 
n 
Rut 
CC n I / L (-1) cos nx = - log 2 - log cos / 2 x 
n=l n 
for 0 < x < ~ (Peirce, 814). 
2 
1berefore 
CD 
L 
n=l 
Rut 
(-l)n sin nx 
2 
n 
J log 2 dx - J log cos ~~x dx. 
1 - 1 (1 ;2 1 ( 1 4 log cos -x - - - -x J - - -x) -
2 2 2 12 2 
(Peirce, 783) and l 
3 
1 s _ 
}. 1 d - - x - -x log cos 2x x - 24 %0 
17 
since a power series may be integrated term by term. It 
follows that 
ex: n · 13 L (-1) sin nx = - x log 2 + -x + 
n=l 2 24 
n 
The second and higher order terms in the above series are 
relatively unimportant . Therefore, 
cc n . CD n g L (-1) sin nx = L (-1) __!! = - log 2. 
n=l 2 n=l n 
n x 
Similarly, 
ex: n gb L (-1) ---..!!. = - log 2 
n=l n 
for b = 2 or 3, and relation (B) is verified. 
It is now possible to transform P(cp) into a form 
suitable for calculations for each of several different 
values of cp, Let m be sufficiently large so that 
"' 4ka 
an = --;-- for n > rn 
Define m' as follows: the largest number equal to or less 
than m that has 3 as a divisor is equal to 3m'. 
18 
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At the slot <p = Yzqi1. 
cc 
P(Yz <pi) = ao + 2: an gn cos Yz n<p1 
n=l 
P(!!:) 
3 
P(~) 
2 
p(2rc) 
3 
cc 
ao + L an g2n 
n=l 
m cc g2 
ao + 2: a g2 + 4ka 2: ____!! 
n= 1 n n n=m + 1 n 
la:: n 3a:: n 
8o - - 2:_ (-1) an gn + - ~ (-l) a3n g3n 2 n-1 2 n-1 
I 
rr. n m n 
ao - l L (-1) an gn +]. L (-1) a3n g3n 2 n=l 2 n=l 
a:: n g a:: n g3 
- 2ka 2: (-1) nn + 2ka 2: , (-1) n n. 
n=m+l n=m +l 
m 
8o - a2g2 + a4~ - · · · · + (-1) a2m g2m 
+ 2ka ~ (-1/ g2n 
n=m+l n 
I m m 
_1 .... +3" 
8o - ~ an gn - ~ a3n g3n 2 n-1 2 n-1 
- 2ka ~ gn + 2ka ~ g3n 
n=m+l n n=m'+l n 
m 
n a:: n g P(7t) = ao + 2: (-1) an gn + 4ka 2: (-1) -2!... 
n=l n=m+l n 
Substituting from the relations (A) and (B) gives 
the following results; 
m 
P(Yz Cj')1 ) = ao + ~ an 
n-1 
m 
g2n + 4ka(l-log q.>1 - 2: g2n ) 
n=l n · 
P{~) 
3 
I 
m n m n 
8o - l 2: (-1) a g + l 2: (-1) a3 g3 2 n=l n n 2 n=l n n 
I 
m ng m ng 
+ 2ka[ 2: (-1) .2! - 3 2: (-1) 3n]. 
n=l n n=l 3n 
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for 
As 
n: Xm P(-) = ao - a2g2 + 84~ - aege + · · · · + (-1) a E! 2 m OJJI 
p(27t) 
3 
P(n) 
~m n+l 
- 1.386 ka + 4ka 2: (-1) g2n 
n=l 2n 
I 
1 m 
ao-- 2: a 2 n=l n 
3 m 
gn + 2 n~l a3n g3n - 2.197 ka 
m 
+ 2ka ( 2: gn 
n=l n 
m 
m' 
3 2: g3n). 
n=l 3n 
n 
a0 + L (-1) an gn - 2.772 ka 
n=l 
m 
+ 4ka 2: (-l)n+2 gn 
n=l n· 
The above expressions are easily used to find P(<p) 
-1/ 7t 7t 27t d <p - 12Cj')1, -, -, -, an n: 
3 2 3 
J (<p) = - j v p (q>) 
2m\a 
it is seen that P(<p) is the total current density distribu-
tion about the cylinder. In order to obtain the contribu-
tions to the total current density by the interior and 
exterior current densities, replace ka by }9ca in each of the 
expressions for P(<p); and use a~ in place of an for the in-
terior current density, a~ in place of an for the exterior 
current density. The real components of these coefficients 
are tabulated in Appendix A for values of ka from zero to 
unity. 
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IV . SLOT D1sTRIBUTED SuscEPTANCE 
8. Slot Capacitance 
At the slot there are transverse displacement cur-
rent densities flowing across the slot due to the slot ca -
pacitance Cs, and transverse conduction current densities 
due to the conducting cylinder. The slot distributed sus-
ceptance is 
B = c£ + B' 
s ' 
B' being the susceptance due to the conduction current den-
sity. Cs is the capaci tance between the slot faces. As B' 
is evaluated at the slot surface, all displacement current 
except that flowing directly between the slot faces is ac-
counted for in the evaluation of B' . 
Cs is determined bv the relation 
C = .!:_ E 
s w 
where t is the thickness of the cylinder at the slot and w is 
the slot width. Edge effect is believed to be small Because 
the outside and inside cylinder surfaces near the slot act 
somewhat like guard plates. It would be expected that the 
electric flux lines in the slot region are greatly concen-
trated and that flux lines flow from the outside and inside 
surfaces of the cylinder on one side of the slot to the 
respective surfaces on the opposite side of the slot. This 
belief has been verified experimentally. 1bese electric flux 
lines undoubtedly reduce the edge effect; that is, bulging of 
the flux between the slot faces is reduced considerably. For 
unloaded slots the effect of the slot capacitance on the 
total susceptance is rather small, as B' is normally several 
times greater than wCs. For capacity loaded slots the edge 
effect is of even less importance. 
9. Susceptance Due to the Conducting Cylinder 
To determine B' the assumption is made that the 
cross-sectional field distribution is unchanged by variations 
in the axial direction, or that B' will be the same as that 
determined from the infinite cylinder, uniformly fed along 
the slot with equal, in-phase voltages. In the derivation of 
CI RC. 59 . INPUT IMPEDANCE OF A SLOTTED CYLINDER ANTENNA 
21 
the expression for the input impedance it was assumed that Y 
and Z were independent of the axial coordinate. In view of 
this assumption it seems that the method used to determine B' 
should give a fair average value . 
From the infinite cylinder 
At the slot 
and 
1berefore, 
D' 
lben 
where 
J(cp) = _ j V P(cp) 
2rrr\a 
cp = YzQ>1 
J(Xcp1) = - j 
Im J(Yicp1) 
v 
V P(YzQ>1) 
2rrna 
Re p(YzQ>1) 
2rrna 
13 
= :£s + Re P(~Q>1) 
2rrna 
C = _! E 
s w 
iO. Cut-Off Frequency 
The cut-off frequency is defined as that frequency 
at which the wave length in the slot would become infinite 
if there were no radiation. The following expressions for 
a and S have been presented: 
a =1Yi x 1nf +cf)%-F 
B=v'Yz x lof+cf>~~ +B 
If there were no radiation, G would be zero. 1ben a= 0, and 
S = / RX. It follows that S = 0 and As becomes infinite 
when B = 0. In the actual case G will not be zero. There-
fore, for f = fc, a = B = /1;~. Thus the cut-off frequency 
could be defined as that frequency at which a = ~- Pelow cut-
off Bis negative, rapidly becoming a large negative quantity 
as the frequency is reduced. a becomes very much greater 
then B. From the expression 
s2 - a2 = I« . 
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it is seen that for frequencies considerably below rut-off, 
just as 
a~ /fBJX 
(3 ~ I Bx 
for frequencies sufficiently above cut-off. 
To find fc it is necessary to find the frequency at 
which B = 0. 
Therefore , 
or 
1.1C + Re P(Yi'Pl. ) R = ----'s ____ _ 
· 2ffi1a 
w c + Re P<~CJ?i) _ 0 c s -2ITT\a 
Re P(Yii:pi) 
kca 
12 0. 711 x 10 cs . 
By plotting the curve Re P( ~~1) versus ka, it is an easy 
matter to find the value of ka which satisfies the above 
expression. 
f = 47.75 k a me 
c a c · 
It should be noted that the slot capacitance Cs lowers the 
cut-off frequency. Experimental cut-off frequencies qf three 
different slot-cylinder antennas, found by measuring the 
electric field distribution in the slot region< 2 >, are in 
close agree~nt with the analyt~cal determination . 
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V. SLOT DISTRIBUTED INDUCTANCE 
11. Inductance and Frequency. 
L has been defined by 
L = J-2 By chc 
1 I 
(see Fig. 1). It will now be sho.vn that Lis nearly independ-
ent of frequency provided that wf/\. is sufficiently small. 
slot . 
-z I 
a\ w :d 
I I 
I I z lw 5 W I 
I I 
I I 
b l w 1c xi 
1- 2 
F 1 G . 3 . To P V 1 r:w o F A SL o T SE CTroll 
Figure 3 represents a top view of a section of the 
S represents the area enclosed in the square abed. 
Lw =ifl\dx 
= f s B . ds 
I 
µ 
= -fs curl A· ds 
I 
= .I:!: p A · dl 
I 
the latter integration being about the perimeter of S. It 
follows that 
11 1.c 1.b 1.c Lw = .r. (2 s ~ dl + a ~ dl - d ~ dl). I 
As w << ~. the two integral~ involving Ax tend to cancel. 
The vector potential Az along be will be large compared to ~ 
in the slot region, due to the proximity of the slot current 
along be. Therefore, 
2 he Az dl »fa~ dl - J~ ~ dl, 
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and Lw becon~s approximately 
Lw ~ lb! I~ AZ dl. 
I 
A = f [I] ~ 
z 4nr' 
the brackets signifying a retarded current . As is usual in 
transmission line theory, retardation is neglected, the 
currents far enough away to produce retarded effects having 
negligible effect due to cancellation of the effects of the 
equal and opposite slot currents. This yields the result 
that L is approximately independent of frequency, provided 
w « 'A . 
12. Determination of Inductance 
The slot susceptance 
Re P(~<p1) 
B = 1.£. + ----
s 2n:T\a 
For 0 < ka < 1.3 plots of Re P(Yi <p 1 ) versus ka may be very 
precisely approximated by the expression 
h1 (ka) + ~ - e ' 
the b coefficients being positive. The values of these coef-
ficients are determined by substitution of three correspond-
ing values of Re P(Yi <p1 ) and ka. 
where 
and 
where 
As k is proportional tow, B may be expressed by 
ha B = h4 ( ka) + b5 - -ka 
vCS+~ 
b4 = --;- 2n:T\a 
~ 
b5 2n:T\a 
hs 
he = 2n:T\a 
X = wL = h7 ( ka) , 
b = vL 7 a. 
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For frequencies considerably above cut-off 
"' - ha ~ 
This may be 
where 
and 
13 = I BX = [(b4 ka + h5 - - (b7 ka)] -ka 
expressed in the form 
B [ bg-h2 oka ] ~ = k he 1 - , 
(ka) 2 
he 
bg 
a / b4 L1 , 
ha 
b4 
b5 
b10 = -
b4 
25 
As ka approaches infinity, B approaches k. Therefore, he 
must be unity. Setting he equal to unity leads to the result 
that 1 
L = v~ 
2c +-
v s 21T.T\ 
If Pka denotes Re P(Yi <p1 ) evaluated at ka, then 
bi = ~ (3P1 oo - 4Po 05 +Po 20). 6 . . . 
26 ILLINOIS ENGINEERING EXPERIMENT STATION 
VI. SLOT DISTRIBUTED CONDUCTANCE 
13. Introduction 
The slot distributed conductance G is found by 
assuming a current density distribution on the cylinder from 
which the radiated power is determined, this power being 
equated to the supplied power expressed in terms of G. The 
equal and opposite slot currents have little effect on the 
radiated power. As axial currents are believed to be con-
fined primarily to the slot region, the current density is 
taken to be circumferential in direction. Sinusoidal axial 
and cosinusoidal circumferential distributions are used. Ex-
perimental results(2 ) show that the axial electric field 
distribution in the slot region is approximately sinusoidal. 
The circumferential distribution is made to approximate the 
density distribution of the infinite cylinder previously 
discussed. Much of the mathematics employed in finding the 
radiated power was obtained from reference 3. 
14. List of Additional Abbreviations 
p, q>, z 
r, e, q> 
~ 
A' 
c = 
d = 
J 
J = u 
JV 
JS 
Ja 
Jm (7t) 
Jn 
cylindrical coordinate symbols 
spherical coordinate symbols 
vector potential at a distant point P due to an 
elemental ~urfar.e u 
vector potential at a distant point P due to an 
elemental strip at z of thickness dz 
ka sin e cos (q> - {p) 
k cos e 
current density 
current density at the elemental surface u 
current density at v 
JU + JV 
~-~ 
maximum value of J (as z varies) at q> = 7t 
Bessel function of the first kind with the argument 
~ ka 
K = J ejc - J e-jc 
u v 
l' 
N* 
circumferential distance measured for q> = 7t 
complex conjugate of the radiation vector N 
1 
f 
1 
f 
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r' = distance from u to a distant point P 
u = elemental surface area 
v = elemental surface area diametrically opposite u 
27 
15. Radiated Power 
'Figure 4 represents a quadrant of an axial section 
of the cylinder. u represents an elemental area on the sur-
face. The point P is at a great distance from the cylinder. 
An approximate expression for r' in terms of the radius and 
the coordinates will now be derived. 
,2 2 ,,2 
- 2rr ,, 
--,, 
r = r + r cos rr 
2 2 2 
- 2rr ,, r + a + z 
r = 
x 
r sin e cos q>, 
ry = r sine cos q>, 
r = r cos 8; 
z 
-,, 
r = a cos q>, 
x 
--' ,, 
r = y '1 sin q>, 
,, -
rz - z. 
Substitution and manipulation give 
2 2 
r(l +~ - 2a (sin e cos q> cos q>) 
2 r 
I 
r 
r i 
2 2 Yt 
- ~ ( sin e sin qi sin q>) - .3 cos 8] 
r r 
Applying the binomial expansion, neglecting 
higher orders of r, and simplifying yield 
the second and 
where 
I 
r r - a sin e cos (q> - (p) - z cos e. 
,, - _J.kr' dl~ 
A" - J dz e -
"'u u 47tr 
-jkr 
·k cos 8 N" _e_ eJ Z U' 
47tr 
jc l' N" =Ju dz .e du 
Let v represent a similar elemental surface diametrically 
opposite u. The x and y components of N~ and N~ may be 
28 
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F1G. 4 CooRDINATES AND SvMBOLs FOR DETERMINATION 
OF RADIATED PowER 
readily determined . If N~ and N; are defined by the re-
lations 
N" = ~ x • + N" x v, x 
and 
it is easily shown that 
and 
~ 
N" y 
N" = N" y u, + N" y v, Y' 
K dz a sin <p dq> 
K dz a cos <p d<p. 
CIRC. 59 . INPUT IMPEDANCE OF A SLOTTED CYLINDER ANTENNA 
The expression for K will now be transformed 
one more easily handled. K may be expressed by 
. . 
Sin c 
K 
I/ ( ) JC ll(J ) - JC 
= /2 J +J e - n -J e s a s a 
j Js sin c + Ja cos c . 
sin[ka sin 8 cos(N)] 
sin[72 ka sin(e+cp--(p) + 72 ka sin(&-<:p+cp)] 
sin [7~ ka sin (8+N)] cos[~~ ka sin (8-<:p+cp)] 
+ cos[Yi ka sin(8+N)] sin[Yi ka sin(8-cp:cp)1. 
Similarly, 
cos c = cos [~ ka sin(8+q>-{P)] cos[~~ ka sin(Eh:p+cp)] 
- sin[~; ka sin<8+tt)] sin[~~ ka sin(Eh:p+cp)] . 
But 
sin(% ka sin cp) 
cc 
2 2: J sin(2n + l)<D 
n=O 2n+l · 
and cc 
cos(% ka sin) <p ) = J 0 + 2 2: J cos 2n:p, 
n=l 2n 
29 
into 
the Bessel function argument %ka being understood, from re-
ference 1, page 55. For ka ~ 1 an excellent approxirr.ation 
for each of the above expressions is obtained by using only 
the first term of the infinite series. Usine only the first 
terms and substituting into the expressions for sin c and 
cos c yield 
and 
sin c = 4 J 0 J 1 sin 8 cos(qr(j)) 
2 
cos c = Jo · 
Then 
K = Jo[j 4 Js J 1 sin 8 cos(qr(j)) + Ja Jo]· 
. TC 
N' = J - N" Let 
"x q>- 0 x 
and define N~ similarly. In order to perform these integra-
tions, it is necessary to specify the current density distri-
bution with respect to cp. Let 
J(z,cp) = J(z,TC) cos b l'. 
30 
Then 
and 
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J = J(z, n:) cos ba (QHP) u 
JV = J(z, IT) COS ba<p. 
Noting that Js and Ja are expressed in terms of Ju and Jv, 
K becomes, upon substitution, 
K = J 0 J(z, rr)[j4J1 sin 8(cos ban: - l)cos baqJ cos(~) 
+ j4J1 sin e sin ban: sin baqi ~os(q>-(i)) 
+ J0 (cos ban: - l)cos baqi + Jo sin ban: 
sin baqJ). 
Substituting for K into the expressions for N; and N; and 
integrating from (i)' = 0 to (i)' = n: give N~ and N~. The simpli-
fied results are 
I • 16a JoJ1J(z, n:)dz Sin ban: Sine sin <j) N = - J 
x 2 2 ba(4-b a ) 
I - 4J (2- 2 2 • Ny - 2a JoJ(z, n:)dz sin ba~[j i b a )sin 8 cos qi 
and 
( 2 2 ha 4--b a ) 
ha Jo ] . 
(l-b2a2) 
From reference 1, page 334, 
Nf3 = (~ cos qJ - ~ sin qi) cos A 
N.'_ N' . N' 
. ~ = - • 'x S In qJ + y COS qJ • 
Substituting for ~ and N~ gives 
N,/, = -2ba2 Jo2 sin bare sin qJ cos e J(z, n:)dz [ 1 
(l-b2a2) 
+ j4 Ji sin e cos qJ ] 
Jo (4-h2 a2) , 
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~ = - 2ba2 Jo2 sin ban: J(z, n:)dz[~ 
(l-b2 a2 ) 
J . 8 2 2 2 + j4 ___:_sin (b a cos q>-2)] 
Jo b2/(4-b2a2) . 
-jkr ·dz 
A.J..-e J NA 
"\::! - -- e .'=! 4rrr 
Now 
and -jkr jdz 
A:j, = e 4rrr e ~. 
1ne vector potential components are 
Ae = L: AB 
and 
Aq, = Je J\P' 
-e 
the total slot length being 21. Before these integrations 
can be performed, a distribution function for J(z,n:) must be 
specified. Let 
J(z,n:) = Jm(n:) sin B (1 - \zl). 
Substitution and integration yield the result: 
-jrk 
A8 = _e _ J\1 
4rrr 
and -jkr 
where 
T"3 
r\p = 
Aq, = e 4rr r l"\p ' 
2 2 ( ) . b n: 4l3ba Jo Jm n: s rn a ·1 [sin qJ cos PJ [- <l- 82 ) 
[-1 
(1-bl<a"') 
.4 Ji sin8cos~ [cos Bl- cos dl], + J ·2 2 Jo (4--b a' ) 
[- 4flba2Jo2 Jm(n:) sin ban:] 
<i- ~2) 
2 2 2 
[ cos qJ + . J1 sin 8(b a cos q>-2] 
2 2 J 4 J 2 2 2 2 . (1-b a ) 0 b a (4-b a ) 
[cos ~l - cos dl] . 
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~and~ are radiation vector components( 1 ) . 
Using Schelkunoff's general radiation formula, (l) 
the total radiated power is 
~ n: '2Tt 
w = 2 l ~ <Psin e d8 dcp, 
where the radiation intensity 
l ~Tt * * <P = ~ (J't N.3 + I'tp I'tp). 
" ~ubstitution, integration, and simplification lead to 
'2'244,'2 .'2 
[120 g P, b a J 0 J_m(Tt )s1n ban: 1 \\' = :J Q. 
k'2 
Q represents an integral that must be evaluated by approx-
imate methods. 
Jm(n:) can be expressed in terms of the input 
voltage. The specified current density distribution is 
J(z, cp) = Jm(n:) sin (3(1 - lzl) cos ab (n: - cp). 
Therefore, 
J(O, n:) = Jm(n:) sin B l. 
Jt has been mentioned that the circumferential current 
density distribution is to be ~atched as closely as possible 
with that of the ~orresponding infinite cylinder, uniformly 
fed. From the infinite cylinder it was found that 
Therefore, 
J(n:) = VP(n:) 
2n:T\a 
J(O n:) = VP(n:) 
' 2m\a ' 
V being the applied voltage at z = 0. Equating the two above 
expressions for J(O,n:) and solving for Jm(n:) give 
J (n:) = VP(n:) 
m 2m\a sin Bl 
As Im P(n:) is negligible compared to Re P(n:), 
J (n:) = V Re P(n:) 
m 2n:T\a sin R 1 
It follows that 
I I '2 '2 [g'~ Bab Jo Rep(n:)sin abn:] '2 
W= ~ 
4 '2 " 480 k sin Bl 
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16. Supplied Power 
Gdz is the conductance of an elemental section dz. 
The power supplied to this section is Yi (G<lz) v2 (z), the slot 
voltage V being a function of z. Then 
J. l '2 W = ~ G V ( z ) rlz . 
-1 
Neglecting attenuation, 
V(z) = Vm sin f3 (1 - \z\). 
Assuming G to be independent of z, as was done in the deri-
vation of the expression for the input impedance, W becorres 
W =Yi GVm2 J1 sin2 0-\z\) dz. 
-1 
Performing the integration and noting that 
give the result, 
v = vm sin f3 1 
W = GV2 261 - sin 2Bl 
46 sin2 f31 
17. Determination of the Slot Distributed Conductance 
G is found from equating the radiated and supplied 
power. The result is 
G = B:iM) 
2(31 - sin 2(31 
This expression contains an integral which must be evaluated 
by a method of approximate integration. G involves the 
dimensions of the antenna, the frequency, the wave length /\s 
along the slot, and the wave length /\1 about the circum-
ference. It is necessary to determine /\sand /\1 • 
B = ~ = ~X /(p.2 + rJ )1h + B. 
s 
For frequencies considerably above the cut-off frequency, 
f3 ~/BX. 
For frequencies near or below the cut-ofl frequency the G of 
the similar infinite cylinder previously discussed is used in 
the determination of (3. The method of nnding this infinite 
cylinder G is the same as the method of finding B' , using 
Im P(1hcpi) in place of Re P(Yicpi); that is, infinite cylinder 
G = Im p{~cpi) 
2ffi\a 
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A single plot of Im P(~~1 ) versus ka is given in Figure 13, 
this curve applying approximately to all values of~~ 20°. 
Although successive approximations could be used to determine 
0 more accurately, extensive calculations reveal that this is 
unnecessary. 
As has been previously mentioned, A1 is to be 
from the current density distribution of the infinite 
inder. A method of plotting this distribution has 
presented. For 
ab < 0. 5 (b = 2n:) 
A1 
the expression 
Re P(%~1) = Re P(i:) cos ablt 
found 
ql-
been 
yields reasonable values of b. For values of ab > 0. 5 urr 
satisfactory results are obtained as the distribution is 
not cosinusoidal as assumed. 1he best agreement between the 
assumed cosinusoidal distribution and that of the infinite . 
cylinder appears to result from using ab = 0.5 whenever 
values greater than 0.5 are obtained from the above expres-
sion. For values of ka > 0.60 serious errors occur (see 
Fig. 5). 
Although axial attenuation has been neglected, the 
method does compensate somewhat for this. '!be radiated power 
and the supplied power are both larger than they would be if 
attenuation were considered. HaNever, equating these to find 
G reduces the error due to assuming attentuation as negli-
gible. 
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V 11 • Ex PER 1 MENTAL PROCEDURE 
1be following equipment was used in the impedance 
measurements: an oscillator (350 to 1116 me), a frequency 
meter, a Eureka slotted measuring-line, a standing-wave 
amplifier, a probe and bolometer detector, a conducting 
ground plane, a SO-ohm coaxial feed line, and tuning stubs. 
As such a line is unbalanced, a half-cylinder mounted on the 
ground plane was used, and measured impedances were doubled 
to give the corresponding impedances of a slot-cylinder. 1be 
dividing plane contained the axis of the cylinder and passed 
through the center of the slot; the voltage was applied be-
tween the ground plane and the slot face at the center of the 
slot. Justification for this method is not difficult. 
Only one antenna was used, but the slot length was 
varied by soldering short-circuiting copper plugs along the 
slot. To increase the slot capacitance, a thin copper strip 
was fastened to the face of the slot. '!be dimensions of the 
antenna in centimeters are as follows: inner radius - 2.54; 
outer radius - 2.70; maximum slot length - 60.2; total 
length of cylinder - 68.6; slot width (between the ground 
plane and the cylinder) - 0.6350; width of copper strip 
attached to the slot face - 0.3175. 1be ground plane was 
approximately square, with 3.1 m on each side. Impedance 
measurements were made for slot lengths of 12, 18, 24, 30, 
36, 42, 48, 54, and 60.2 cm., and the frequency range was 
from 400 to 1116 me. A Smith Transmission Line Calculator(
4
) 
was used to determine the input impedances from the measured 
standing-wave-ratio and distance from the load of the stand-
ing-wave voltage minimum. 
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VI II. GRAPHICAL PRESENTATION OF DATA 
Figure 5 shows the comparison between the experi-
mental impedance curves (solid lines) and the calculated im-
pedance curves (broken lines). Figures 6, 7, and 8 contain 
plots of Re P(Yi<p1 ), Im P(~~ <p1 ), and Re P(n:), respectively. 
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18. 
IX. CoNCLUS 1 oNS 
Expression for the Input Impedance 
'Ihe input impedance is 
Zin = Yi Zo tanh y 1. 
T\ = a + jf3; 
z - x 
o- ([3-ja) 
G !j.7,"" ~ 2 I .· a = Yi x B = v Y2X v (B~ + G y2 - B; 
f3 = % x ~ = v'YiX / (B2 + cf )Yi + B; 
2 2 13 -a = BX . Re P(Yicp1) 
B = 1£s + ----
27tT\a 
cs = ~ €. 
< For ka = l, 6 
6 
Re p(%cpi) ~ Re(a0 + ~ ang2n + 4ka (1 - log cp1 - ~ g~n)] n-1 n-1 
'"" hs 
= h1 ka + ~ - ka ' 
the b coefficients being positive. 
a = a' + a"· n -n n• a~ and the real components of a~ are tabulated in Appendix A. 
Re P)Yi cp1) is plotted as a function of ka for various values 
of cp1 in Fig. 6. 
x = wL. 
L = 1 
v2C + vbl.. 
s 27tT\ 
If Pka denotes Re P(Yicp1 ) evaluated at ka, then 
ht = i (3P1.oo - 4Po.50 + Po.20). 
6 . 
3 
G = 13 MQ 
(2!31 - sin 2~1) 
7 2b2 4 2 2 M = 855 x Hf (g!LQ__) (Jo (Yzka)] (Re p(n:)] sin abrt · 2 • 
k 
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0 = f1 (P:cos gu) 20+mu2+nu4 ) du· 
0 2 ' 
s-u 
for ka ;;; 1, 5 n 5 n+ 1 g 
Re P(n:)= Re[a0 + L: (-1) angn-2.772 ka+4ka L: (-1) nn], 
n=l n=l 
but values of Re P(n:) corresponding to values of ka may be 
obtained from Fig . 8 . From the plot of Re P(~cp1 ) versus ka, 
kca may be found, kca being defined by the expression 
Re P(Yicp1) = - 0.711x1012 C. 
k a s c 
f = c47.75) ka me. 
c a c 
For f? 1.2 fc approximate B by vBX; for f < 1 . 2 fc use 
the G of the corresponding infinite cylinder to obtain B 
approximately. Infinite cylinder 
Values of 
determined 
Im P(Yicp1 ) G= ----
2n:T\a 
Im P(~cp 1) corresponding to values of ka may be 
from Fig. 7. ab is found from 
_ _1 [Re P(%cp1 } 
n:ab - cos R ) ~ , 
e. P(n: 
but reject values of ab greater than 0.5 and use 0.5 in their 
place. a = ~2 (inner radius + outer radius). 
If the thickness of the cylinder is appreciable 
compared with the radius, the method must be modified. In 
this case the slot susceptance B should be considered as 
composed of the slot capacitive susceptance and the suscep-
tances offered by the inner and outer surfaces of the cylin-
der. Mathematically this means that P should be replaced in 
all of the above expressions by P' + P", where P' is P with 
an replaced by a~ and ka replaced by %kai, and P" is P with 
an replaced by a~ and ka replaced by %ka
0
, ai and a
0 
here 
signifying the inner and outer radii, respectively. As a 
rule this is unnecessary, in which case the average radius 
(%ai + Yiao) is used. In evaluating the integral Q, n may 
usually be neglected; however, if n is greater than 0.2, it 
must be included. 
CIRC. 59. INPUT IMPEDANCE OF A SLOTTED CYLINDER ANTENNA 43 
19. Practical Aspects 
1be agreement between the experimental and calcu-
lated impedance curves is excellent below second anti-
resonance. At and above second anti-resonance the results 
are poor, probably due to the assumption of a cosinusoidal 
current density distribution about the circumference, used 
to find the radiated power. However, to obtain the widest 
possible band width and to operate at a small diameter-
wave length ratio so as to have an approximate circular 
radiation pattern in the horizontal plane, it is believe~ 
that best operation will be at first resonance . Therefore , 
the errors at and above second anti - resonance do not seri-
ously limit the usefulness of the method. 
From the analytical theory it is possible to pre-
dict with accuracy the effects of the various dimensions of 
the antenna on the input impedance . Decreasing the slot 
width increases B and decreases X; this operation results in 
a lower cut-off frequency. 1bus a lower diameter-wave length 
ratio may be used with an improved radiation pattern. How-
ever, this improvement is offset by a reduction in the band 
width. Capacity loading of the slot has the same effect 
as decreasing the slot width. Increasing the slot length 
has little effect on the cut-off frequency but lowers the 
resonant frequency, permitting a more desirable diameter-
wave length radio. The band width also is improved . 
1be band width of the antenna used in the experi-
ments is about 12 percent for a slot length of 60.2 cm and 
about 7 percent for a slot length of 48 cm, this band width 
being based on a 2:1 reflection standard. For the shorter 
slot lengths the band width becomes appreciably smaller. It 
is believed that large band widths cannot be obtained with 
the slot-cylinder antenna. 
The agreement between the analytical and experi -
mental curves indicates that it makes little difference 
whether the ends are open or closed and that the amount by 
which the cylinder length exceeds the slot length is un-
important. These conclusions seem logical in view of the 
fact that the operating frequencies are considerably below 
the cut-off frequency of the corresponding closed cylinder. 
The slot-cylinder antenna has many desirable 
properties. Its band width, while not large, is suitable 
for many cormrunication purposes at very-high and ultra-high 
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frequencies. It appears very promising for frequency-
modulated broadcasting and possibly for television. The 
usefulness of this antenna should eventually be greatly 
extended. 
TABLE I 
I -
Jo(ka) ' Jn(ka) 
a - a = 2--0 J~ (ka) n J~ (ka) 
ka DA I I I I I I I I I I I ao a1 a2 83 14 a5 ae a1 as ae alo 
.02 .0064 -99.995 .040 .020 . 013 .010 .008 .007 .006 .005 .004 .004 
.04 .0127 -49.990 .080 .040 .026 .020 .016 .013 .011 .010 .009 .008 
-j 
.06 .0191 -33.318 .120 .060 .040 .030 .024 .020 .017 .015 .013 .012 )> CD 
.08 .0254 -24.980 .160 .080 .054 '.040 .032 .026 .022 .019 .018 .016 r )> fT1 
.0318 .100 .050 Ul ""'CJ .10 -19.975 .200 .066 .040 .034 .028 .026 .022 .020 0 ""'CJ ITI 
.12 .0382 -16.637 .240 .120 .080 .060 .048 .040 .034 .030 .026 .024 "Tl z 
.14 .0445 -14.251 .280 .140 .094 .070 .056 .046 .040 .036 .032 .028 · n 0 0 
..,.. fT1 x 
°' 
.16 .0509 -12.460 .322 .160 .106 .080 .064 .054 .046 .040 .036 .032 "Tl 
"Tl )> 
.18 .0573 -11. 066 .362 .180 .120 .090 .072 .060 .052 .046 .040 .036 -(") 
-
.20 .0636 -9.950 .404 .200 .134 .100 .080 .066 .058 .050 .044 .040 fT1 z 
.22 .0700 -9. 030 .446 .220 .146 .110 .088 .074 .062 .056 .048 .044 ~ Ul 
.24 .0764 -8.280 .488 .242 .160 .120 .096 .080 .068 .060 .054 .048 
.26 .0827 -7. 630 .530 .262 .174 .130 .104 .086 .074 .066 .058 .052 
.28 .0890 -7. 080 .570 .282 .186 .140 .112 .094 .080 .070 .062 .056 
.30 .0954 -6.580 .614 .302 .200 .150 .120 .100 .086 .076 .066 .060 
.32 .102 -6.170 .656 .322 .214 .160 .128 .106 .092 .080 .072 .064 
.34 .108 -5.800 . 700 .344 .226 .170 .136 .114 .098 .086 .076 .068 
.36 .114 -5.460 .744 .364 .240 .180 .144 .120 .102 .090 .080 .072 
.38 .121 -5.170 .788 .384 .254 .190 .152 .126 .108 .096 .084 .076 
--------
(") 
-
::0 
(") 
I I I I 
I (J1 
I I I I I aa a1 as ae alO 
"' DIA I a3 a4 a5 ka ao a1 a2 
.834 .406 .268 .200 .160 .134 .114 .100 .088 .080 
.40 .127 -4.900 -
.168 .140 .120 .105 .094 .084 z 
.42 .134 -4.660 .878 .426 .282 .210 -0 
.146 .126 .110 .098 .088 c 
.926 .448 .296 .220 .176 ~ 
.44 .140 -4.430 
.972 .468 .310 .232 .184 .154 .132 .115 .102 .092 -
.46 .146 -4.230 ;;:: 
.192 .160 .138 .120 .106 .096 -0 
.48 .153 -4.040 1.016 .490 .324 .242 fT1 
.142 .125 .112 .100 0 
-3. 870 1.068 .512 .338 .252 .200 .166 
)> 
.50 .159 z 
.210 .174 .148 .130 .116 .104 (") 
.52 .165 -3. 720 1.112 .532 .350 .262 fT1 
-3. 560 1.168 .552 .366 .272 .218 .180 .154 .135 .120 
.108 0 
.54 .172 "Tl 
-3. 430 1.214 .572 .378 .282 .222 .186 .160 .140 .124 
.112 
.56 .178 )> 
-3. 300 1.266 .596 .392 .292 .234 .194 .166 .145 .128 
.116 Ul 
.58 .184 
.172 .150 .134 .120 r 
-3 .180 1.320 .616 .406 .302 .242 .202 0 
.60 .191 ~ 
.186 .162 .144 .130 ~ 
.65 .207 -2. 910 1.456 .672 .440 .328 .262 .218 fT1 
.200 .176 .156 .140 0 1.600 . 730 .476 .356 .282 .234 
.70 .223 -2. 680 
.166 .150 (") l. 750 .788 .528 .380 .302 .252 .216 .188 -< 
.75 .238 -2.480 r 
.230 .200 .178 .160 -
.80 .254 -2 .290 1. 918 .844 .548 .408 .324 .270 z 
.170 0 2.086 .906 .584 .432 .344 .286 .244 .214 .188 fT1 
.85 .270 -2.130 ::0 
-1. 990 2.286 .966 .622 .460 .364 .304 .260 .226 .200 .180 
.90 .286 )> 
.240 .212 .190 z 
.95 .302 -1.860 2.476 1.030 .656 .488 .386 .320 .274 ~ 
.222 .200 fT1 
-1.740 2.708 1.090 .696 . 512 .406 .336 .288 .252 z 1.00 .318 z )> 
.,. 
--1 
TABLE 2 
1~2) .p.. (ka) JI (2 ) (ka) 00 I 80 = - ( )' a = - 2 n 
Ilo 2 ( k8 ) n ff~ 2 ) ' ( k8 ) 
(Only the real components are tabufatecl) 
-ka n;A II II II r 80 81 II II r 82 83 84 a~ II II II II -8a 87 89 II 
. 02 . (J064 
. 081 
. 040 
. 020 89 810 z 
. 013 . 010 
.008 . 007 0 
. 04 . 0127 . 006 . 005 . 004 . 004 -. 133 
. 080 
. 040 
.027 U> 
. 06 . 0191 
.175 
. 020 
. 016 .013 . 011 
. 010 . 009 
. 008 ,,, 
.122 
. 060 .040 
. 030 
.024 
. 020 z 
. 08 . 0254 
.210 .017 . 015 . 013 .012 G) 
. 162 
. 080 
. 053 .040 -
. 032 
.027 
. 023 z 
.10 . 0318 
.239 
.204 .020 .018 . 016 ,,, 
.100 
. 067 . 050 
.040 
.033 . 02Q ,,, 
.12 
. 0382 
.264 . 025 . 022 . 020 ::0 
.248 
.120 . 08() 
. 060 
. 048 -
.14 
. 0445 
.286 . 040 . 034 . 030 . 027 . 024 z . 292 
.140 
. 093 G) 
.16 . 070 . 056 . 047 . 040 . 035 . 0509 
.306 
.336 . 031 . 028 ,,, 
. 162 
.107 . 080 
. 064 x 
.18 . 0573 
.320 .053 . 046 .040 . 036 . 032 " .382 
.182 .120 ,,, 
.20 .090 .072 .060 . 051 . 045 ::0 
. 0636 
.337 
.428 
.202 .040 . 036 -
.22 .133 .100 . 080 . 067 . 057 . 050 
:;:: 
. 0700 
.346 .044 .040 ,,, 
.476 
.222 
.147 .110 
.088 z 
. 24 
. 0764 
.356 .073 . 063 . 055 . 049 .044 --i 
. 522 
.244 
.160 
.120 
. 096 
.080 .069 U> 
.26 . 0827 
.364 
.570 . 060 . 053 .048 --i 
.264 
.179 
.130 
.104 
.087 . 074 l> 
.28 . 0890 
.372 . 065 .058 . 052 --i 
.618 
.286 
.188 .140 
.112 
. 093 -
.30 . 080 . 070 0 . 0954 
.378 
.666 
.308 
.201 . 062 . 056 z 
.150 .120 
.100 
.32 .102 
.383 
. 714 
.328 .086 . 075 . 067 .060 .215 .161 
.128 .107 
.34 .108 
.387 
. 762 . 09] . 080 .071 .064 
.350 .228 
.171 
.136 . 113 
. 097 . 085 
. 076 
. 068 
n 
-
----------
::0 
D/A II II II II II II II II II II II n k8 ao a1 a2 83 84 85 85 87 as 89 a10 
.36 .114 .390 . 812 .372 .243 .182 .144 .120 .103 . 090 . 080 .072 
tn 
"' 
.38 .121 .392 .854 .396 .2 57 .192 . 152 .127 .109 . 095 . 084 . 076 
-
.40 .127 .394 .898 .418 .270 .202 .160 .133 .114 .100 . 089 .080 z 
" 
.42 . 134 .397 . 948 .442 .284 .212 . 168 .140 .120 .105 . 093 . 084 c 
--i 
.44 .140 .398 . 990 .464 .297 .222 .176 .147 .126 .110 .098 .088 -
:,: 
.46 .146 .398 1. 032 .488 .311 .233 .184 .153 .131 . ll5 . 102 . 092 " ,,, 
.48 .153 .396 1. 070 . 512 .325 .243 .192 .160 .137 .120 .107 .096 0 l> 
.50 .159 .396 1. 106 .536 .340 .253 .200 .167 .143 .125 . lll .100 z n ,,, 
.52 . 165 .396 1.144 . 562 .354 .263 . 208 .173 .149 .130 . 116 .104 0 
.54 .172 .393 1.1 90 .588 .36CJ .273 .216 .180 .15'1 .135 .120 .108 
..., 
.56 . 178 .393 1.202 .612 .384 .284 .224 . 187 .160 .140 .124 . ll2 
l> 
U> 
.58 .184 .392 1.232 .640 .399 .294 .232 .193 .166 .145 . l'..'!9 . ll6 r 0 
.60 .191 .390 1.260 .664 .414 . 304 .240 .200 .171 .150 .133 .120 --i --i [Tl 
.65 .207 .384 1.300 .735 .450 .331 .260 .217 .186 .163 .144 .130 0 
.70 .223 .381 1.338 .806 .488 .358 .280 .233 .200 .175 .155 .140 n 
-< 
.75 .238 .373 1.346 .880 .527 _3g4 .300 .250 .214 .188 .167 .150 r -z 
.80 .254 .362 1.348 . 960 .566 .410 .320 .267 .22 8 .200 .178 .160 0 ,,, 
.85 .270 .355 1.334 1 .034 .616 .437 . 340 .283 .243 .213 .189 .170 ::0 
l> 
. 90 .286 .348 1.310 1.108 .648 .466 .360 .300 .267 .225 .200 .180 z 
--i 
. 95 .302 .341 1.280 1.200 .691 .494 .380 .317 .272 .238 .211 .190 [Tl z 
1.00 .318 .334 1.246 1.296 .736 . 522 .400 . 332 .286 .250 .222 .200 z l> 
.p.. 
\0 
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